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An algebraic approach to constructing nonlinear Lax type integrable dynamical systems, 
based on the Marsden-Weinstein reduction method on canonically symplectic manifolds with 
' group symmetry, is proposed. Its natural relationship with the well known Adler-Kostant- 

pH . Souriau-Berezin-Kirillov method and the associated R-matrix method is analyzed. 



1 Introduction 

As it is well known [H HI [131 [S| , the most popular canonically manifolds are supplied by cotangent 
spaces M := T*{P) to some "coordinates" phase spaces P, which can often possess additional 
symmetry properties. If this symmetry can be identified with some Lie group G action on the phase 

■ space P and its natural extension on the whole manifold M proves to be symplectic and even more, 
Hamiltonian, the Marsden-Wienstein reduction method (TJ [6] makes it possible to construct new 

■ Hamiltonian flows on the smaller invariant reduced phase space := M^/G^ subject to the group 
invariant constraint p :— ^ € G* ioi some specially chosen element £, G G* , where p : M -> tj* is 

04 ■ the related momentum mapping on the symplectic manifold M and G* is the adjoint space to the 
Lie algebra G of the group Lie G. 

As the corresponding Hamiltonian flows on the reduced phase space A/j possesses very often 
very interesting properties important for applications in many branches of mathematics and 
physics, their studies were topics of many researches during the past decades. Being interested 
I in mathematical properties of the Lax type integrable flows, we observed that their modern 
Lie algebraic description by means of the Hamiltonian group action classical Lie-Poisson-Adler- 
Kostant-Berezin-Kirillov scheme on the adjoint space G* to the Lie algebra ^ of a suitably chosen 
group G is a natural consequence of applying the mentioned above Marsden-Weinstein reduction 
method to canonical symplectic phase space M = T*{P) with the basis space P, to be a specially 
chosen Lie algebra G with the naturally related Hamiltonian group G action on the symplectic 
phase space M Moreover, such classical integrability theory ingredients as the i?-structures [16j 
and the related commutation properties of the related transfer matrices are also naturally retrieved 
from the Marsden-Weinstein reduction method within the scheme specified above. These and some 
related aspects of this reduction technique are topics of this investigation. 



2 Loop group, canonically symplectic manifold and 
Hamiltonian action 

There is considered a complex matrix Lie group G = SL{i'; C), G Z+, its Lie algebra G^ and a 
related [HI [HI [131 formal loop group G C C°°(Si; Hol(C; G)) of G-valued functioiis on the circle S\ 
meromorphically depending on the complex parameter A G C. Its Lie algebra G can be viewed as 
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the completion 

^ = U I E ^J^' ■ ^1 ^ C^{^'\G), J=^^\ ■ (2.1) 

nGZ I j — — oo J 

By the standard procedure [H |5] one can construct the centrally extended current algebra Q :— 
^ © C, on which the adjoint loop group G-action is defined: for any g E G 

g : (T,c) ^ {gTg-\c+{g-^g,,T)^^). (2.2) 

Here (T, c) S Q and (•,-)_i: CJx(?~>Cis the following nondegenerate symmetric scalar product 
on Q: 

(A,B)_i := res / tr(yl(a;; A)B(a;; A)) = (B, A)_i, (2.3) 
Jo 

for any A.B^Q. The scalar product (|2.3p is ad-invariant, that is 

(A[B,C])-i = ([AS],C)-i (2.4) 

for any elements A, B and C E Q. 

Define now the canonically symplectic phase space M := T*{Q) ~ [Q* ,Q) with the 
corresponding Liouville 1-form on M : 

a'-^\T,c;l,k) = (l, dT)^i + kdc, (2.5) 

whose external derivative gives the symplectic structure on the functional manifold M: 

a;(2) (T, c;l,k) := da'-^^ (T, c;l,k) = (dl, AdT)_i + dk A dc. (2.6) 

Similarly to (|2.2p one can naturally extend the group G-action on the whole phase space M, having 

g:il,k)^{glg~'-kg.,g-\k) (2.7) 

for any (/, k) G G* and 5 G G as the corresponding co-adjoint action of the current group G on the 
adjoint linear space ^*.The following lemma is almost evident. 

Lemma 2.1 The G-group action h2.2\) and h2. 7)) on the symplectic phase space M is symplectic 
and Hamiltonian. 



Proof. It is easy to check that the canonical Liouville 1-form (|2.5p on the manifold M is G- 
invariant: 

5*aW(r,c;?,fc) = {gig-' - kg,g-\ gdTg-')^^ + k{dc + {g-^ g,, dT)^^) = 
= {glg-\gdTg-')-k{g,g-\gdTg-')^i+kdc + k{g-'g,,dT)^i= (2.8) 
= (', 9~^9dTg-'g)^i - kig^'g^g^'g, dT)_i + kdc + kig^'g^:, dT)-i = 
= {l,dT)_i + kdc = a'''\T,c;l,k). 



From (|2.8p . owing to the expression (|2.6p . one obtains the symplectic form invariance 

g*J^\T,c;l,k)^uj'^^\Tc;l,k) (2.9) 

for any element (T, c;l,k) e M. 

To state the Hamiltonian G-action on the symplectic manifold M we take the group flow 
g{t) :— exp(tX) for t € K, X G Q, and find the respectively generated vector field Kx ■ M T{M) 
on the phase space Af : 

KxiT,c;l,k):= (2.10) 

= ^^{g{t)Tg{t)-\c + (g(t)-ig.(t), T)_^-g{t)lg{t)-' ~ kg,{t)g{t)-\ k) 

= {[X,T],{X,,T)-v,[XJ]~kX,.,0), 
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by a Hamiltonian function Hx : M C owing to the canonical relationship —dHx = iKx'^^^^ 



-dHx = -{dH/dl,dl)-i - {dHx/dT,dT)^i + (2.11) 
+dHx/dk dk + dHx/dc dc = 
= {[X,l]-kX^,dT)_^ - idl,[X,T])^, - (X,,r)_idfc. 

As a consequence of (|2.1ip one obtains that 

dHx/dl^[X,T], dHx/dT^kX,^[X,l], (2.12) 
dHx/dk^{X.,,T)_,, dHx/dc=0 

for any point (T, k;l,c) e M. From (I2.12p follows the expression 

Hx = {[T,l]-kT,,X)^i (p(r,c;/,fc),X)_i, (2.13) 

linear with respect to the generator element X G ^. It means that the loop group Q* action on the 
symplectic manifold M is Hamiltonian by definition [1] [T^] . > 
The corresponding mapping p : M ^ Q* , where 

p{T,c-l,k) = [T,l]-kT^, (2.14) 

is called the momentum mapping [U [HI I12| which can be constrained to be a fixed for further 
applying to the phase space M the Marsden-Weinstein reduction procedure [Ij. 

Let us describe in detail the related symplectic structure on the ^-level submanifold 

:= {(T,c;/,A:) e M : [T,l] - kT,, = i e 0*] (2.15) 

for a fixed element ^ G 5*. As a more natural case we will put, by definition, that <^ = G 5*. The 
corresponding isotropy group = G, as Ad*^|^u = holds for any element g G G. To proceed 
further we need some additional properties of the submanifold C M, which we will describe in 
the next section 

3 Marsden-Weinstein reduction, commuting vector fields and 
Poisson bracket 

In this section we will be interested in describing the submanifold C M parametrized by the 
points of the reduced phase space := M^/G^. It is known [1] [5], that this parametrization 
uniquely parametrized the points (T, c; I, k) G C A/, which are invariant with respect to the 
appropriate loop group G action (|2.2p and (|2.7p . The last property make it possible [2 [21 [SI [TT] to 
define on the phase space the reduced nondegenerate symplectic structure on the phase space 
Afj by means of the appropriate symplectic structure on the submanifold Afj. Let us consider the 
point (r, c; I, k) G Mj, where the elements T G , A: G C, according to the definition (|2.15p . satisfy 
such differential expressions: 

[T, T] - fcf, = 0, fc, = 0, (3.1) 

for all x G S^. Consider now a Hamiltonian vector field — fcrf/dr, t G C, on the submanifold M^, 
generated by the element X = I ^ Q* owing to the expressions 

- kfr = [f, T] = -[T, I] = -kf^, -Mr = kl^. (3.2) 

From p.2p one follows, that the equality = holds on the reduced phase space M^. Let us 
compute additionally the evolution of the element c G C with respect to this vector field d/dr on 

- kcr = {L,f)-i = -(l,fx)-i = -il,k-^[fj])-i = fc-i([U"],T)_i - 0, (3.3) 
coinciding with the a priori assumed condition dc/dx = for any a; G S^. 
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Define similarly a vector field d/dt, t G C, on the reduced phase space Af^, generated by the 
Lie algebra element q{l) e depending in such a way on the basis element I Q* , that 

ft = [qil), f], k = [qil)J] - ~kL, ct = T), ~kt = 0. (3.4) 

The latter, in particular, means that the flows d/dt and d/dx on the reduced phase space 
possess the countable set jn{l) ■= trT^(l), n G Z, of conservation lows, where by definition, the 
element T{1) e Q satisfies for a given element I G Q* the determining equation 

- mil) = [If (I)] (3.5) 

for all a; G S^. From the equations p.5p one easily obtains that upon the reduced phase space 

Ct = (qil)., f)-i = ~k-\mJ] - ~ltS)~l = 
= fc- 1 ( [g(0 , /"] , T) _ 1 - fc- 1 ([, , T) = fc- 1 ( [T, g(r)] , ^ 1 - 
-k'Hlt,f)-i = -k-\l,ft)-i - k-\lt,f)-i = 

-fc-i|(f,T)_i. (3.6) 

Thus, from the t-evolution p.6p of the parameter c G C one obtains that the constraint 

c^~~k-\lf)^, (3.7) 

holds on the reduced phase space subject to any vector field d/dt, generated by the element 
q{l) G G- Moreover, as it is easy to observe, these two vector fields d/dr and d/dt on the reduced 
phase space are commuting to each other, 

[d/dt, d/dr] = 0. (3.8) 

The latter is very promising, since the condition p.8p results in some differential relationships on 
the components of the reduced matrix I G Q* , for which the related linear evolution equation 

= IF, (3.9) 

augmented with the compatible differential equation 

Ft=q(J)F (3.10) 

for matrix F G G are compatible. Threby, these equations p.9p and p.lOp realize the well known 
[HI [ini O [131 [m d] generalized Lax type spectral problem, allowing to integrate the mentioned 
above differential relationships by means of either the inverse scattering or the spectral transform 
methods |S1 [TUl [HI [Z] and algebraic geometry methods [101 [S] , or other their modern generalizations 

[Si- 

To make this aim more constructive, it is necessary to describe the evolution of the vector field 
d/dt on the reduced phase space in more detail subject to its dependence on the phase space 
element I ^ Q* . Taking into account that the vector fields d/dt and d/dx satisfy the commutation 
condition p.Sp on the reduced manifold Af^ , we will apply the Marsden-Weinstein reduction theory 
to our symp[lectic manifold M with the fixed value of the moment mapping ^ = for computing 
the basic Poisson bracket 

{(r,x)_i,(T,y)_i}^ (3.11) 

of the functions (T, X) and (T, Y) on the reduced phase space A/^ for arbitrary X,Y E Q* . It can 
be shown |21 [TTJ |S] that this Poisson bracket on in general equals 

{{f,XU,{f,Y)^,} ={{f,X)^,,{f,YU}\ -{^,[Vx,Vy]U\^., (3.12) 



where, by definition, the mappings Vx,Vy '■ Q denote the solutions to the following 

relationships: 

{i,[Z,Vx])-i=Kz{T,X)^^,{^,[Z,VY])-i=Kz{T,Y).^, (3.13) 
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which hold for all Z £ t/,aiid functions (T, (T, e 'D{M^) should be extended to those 

on the whole phase space M from the related Poisson bracket in such a way that their restrictions 
upon the submanifold C M were G-invariant. 

To apply the Marsden-Weinstein reduction we will take into account that, by definition, there 
exists a group element g(l) 6 G such that for arbitrarily chosen I G G the expression 

l^gmi)gil)-'-~kg,{l)g{l)-' (3.14) 

holds and satisfying the normalization condition g{l) = Id G G. If now to consider the function 

/x :=(r,g(OXg(0-i)-i, (3.15) 

one can observe that fxln = a-nd, by construction, it is G-invariant. The latter means 

that fx e T^{M() for any I E G* . Really, for any a G G^ = G 

a o fx :— {a ■ T, g{a o l)Xg{a o /)^^)_i = (3.16) 
= {aTa-\ ag{l)Xg{l)-^ ■ a'^) = (T, g{l)Xg{l)-^)^^ = fx, 

where we made use of the property g{aol) = a g{l), I £ Q* . The latter holds owing to the definitions 
dsn and (^71) : 

a o I = ala~^ — kaxOT^ = a{g{l)Tg{l)~^ — kgx{l)g{l)~^)a~^ — kaxa~^ = 
= ag{l)l{ag{l))^^ — kagx{l)g{l)^^a^^ — kaxCL~^ — 

= agmag{l))-^ -k{ag{l)Uag{l))-^ ^ (3.17) 
~ g{a o l)lg{a o l)^^ — kgx{a o l)g{a o l)^^ , 

giving rise to relationship g{a o /) = ag{l) for any a G G^ and I E G* ■ 

Returning back to the Poisson bracket (|3.12|) . we can replace the functions (T, X)_i and 
(T,Y)-i G 2?(A/^) with their G^-invariant extensions fx G 2?(M^). Before calculating the 
corresponding Poisson bracket 

{IxJy}^ - {IxJy} - {(dVx,VY])-i = {fxjY}\M,~Kv,fY\M,, (3.18) 

where Kvx ■ M -> T{M) is the vector field, generated on M by the element Vx G G, we need 
to calculate the action KzfY for any element Z E G- Similarly to the calculations from [4J, one 
obtains, that on the submanifold 

KzfY = -^(exp(eZ)Texp(~eZ),g(exp(eZ)ol)Yg(exp(eZ)ol)-'^) , U=o = (3.19) 
de ' ^ 

= {T,g{l)[g{ir'g'mZ,l]-kZx)-g{l)-'Zg{l),Y]g{l)-')_^. 
Thus, on the reduced phase space the general expression (|3.19|) entails 

Kv.Mm, = (T, [g'il) ■ {[VxJ] - k^Vx) - Vx,Y])^,. (3.20) 

Thus, the Poisson bracket p.lSp . owing to the relationships {/jfj/y} = —Lo'^'^^KvxTKy^) and 
(|3.20p . becomes 

{(T,X),(f,y)}^= (3.21) 

(T, [g'{l){Y),X] + [Y,g'{l){X)])_^ (f, [g'mVxJ] - ~k^Vx) - Vx,Y]^ = 

= {f,[g'mY),X] + [Y^g'il){X)])-u 
where we take into account that owing to p.l3l) and p.20p . the expression 

(f, [g'mVxJ] - ~k^Vx) - Vx,Y]] - Ky^fY = it [^Vx , VV])-i = 0. 
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Now one can rewrite the Poisson bracket (|3.2ip as 

{(T, X), (T, Y)]^ = (T, [X, Y]d)^i, (3.22) 

where, by definition, we have introduced the classical Z?-matrix structure in the Lie algebra Q*: 

[X, Y]d := [D{X), Y] + [X, D(Y)], (3.23) 

where X,Y E Q* and the linear homomorphism D : Q* ^ Q* is defined as 

DiX) := -gV)iX). (3.24) 

The mapping p.24|) should necessarily satisfy [5J the well known condition 

(T, [X, [DiY), D{Z)] - D[Y, Z]d])-i + (T, [X, {(T, F), (T, Z)}]) + cycles - (3.25) 

for any X,Y eQ* and Z eQ. 

Now it is useful to recall that the mapping g : Q* G satisfies the relationship p. 141) . which 
entails f3] the following differential expression 

[g'{l){X)J] - ~k^g\l){X) + QiJ){X) = X (3.26) 
ax 

for any X E Q* ^ where Q{1) : Q* ^ Q* is a suitable mapping, depending from the chosen reduction 

g* 3 1 ^1(1) eg*. 

The mapping p.24p satisfies still an additional relationship, which can be obtained from the 
group G-action on the element T(1) G g : 

T{1) = g{l)f(l)g{l)-\ (3.27) 

following naturally from p.l4p . Differentiation of (I3.27P with respect to I E g* in the point I = T, 
gives rise to the expression 

T'{l){X) = [g'{l){X),f{l)] + mix) (3.28) 

for an arbitrary X E g* and some mapping $(^) : g* —i' g. Moreover, since the matrix p.27p satisfy 
the relationship p.Sp . its differentiation with respect to I £ g* entails the differential expression: 

-k±T'{l){Y) + [lT'{l){Y)] = [T(r,r)], (3.29) 
ax 

which holds for any Y G g* . Now we assume that the mapping $(Z) is chosen in such a 

way that 

k^m){Y) + [lMl){y)]=^ (3.30) 
ax 

for aU Y eg*. Then, substituting into the expression ([gT^ . owing to and ((3301), one 
obtains that for any Y e g* 

m){Y),f[l)]^Q. (3.31) 

The latter, in particular, means that the mapping Q{1) : g* ^ g* can be chosen in the equivalent 
tensor form such that Q{1) = T{1) (g) Q{1) satisfies (|3.3ip . The obtained above results can be 
formulated as the following proposition. 

Proposition 3.1 The Poisson bracket 113.11]) on the reduced phase space represented as a D- 
structure ^3. 22\) on the linear space g* , naturally generated by the gauge transformation ^3A^, 
which reduces the arbitrary element I G g* into element leg*, uniquely defined on M^. 

As a consequence of representation p.22p we automatically obtains that there exists the infinite 
hierarchy commuting to each other functionals with respect to the Poisson bracket on the phase 
space . The latter follows from the tensor form of the Poisson bracket (|3.1ip in the space g ®g: 

{f(J){\)^f(J){y)}^ = [D{\,^i),f(J){\)®I + I®f(J){^^)] (3.32) 

which holds for arbitrary A, /i G C. The trace operation in (|3.32p nullify the Poisson bracket on the 
phase space for the functionals trT'(Z)(A) and trT(Z)(/i) for arbitrary A,/i G C. 
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4 Monodromy matrix, associated i?-structure and Lie- 
Poisson bracket 

Proceed now to analyzing possible forms of Z?-mapping p.24p as a function on the reduced phase 
space M^. Since the parameter fc e C is constant, its value for convenience will be put by k = — 1. 
Thus, taking into account the definition p.24[) . the determining Z3-structure equation p.26p takes 
the form: 

[^(0(^,^1 + ^D{im+Y = Q(J){Y) (4.1) 
ax 

for any element Y Q* . 

Let us consider the linear matrix equation 

F,ix,s;X)^l{x;X)F{x,s;X), (4.2) 

where l{x; X) ^ Q* , F £ G , with Cauchy data at a point x — s E : 

F{x,s;X)\^^^ = L (4.3) 

The corresponding normalized monodromy matrix 

T(x; A) := F{x + 2n, x; X) - iy-'^\itrF{x + 2tt, x; A), (4.4) 

for a; G and arbitrary A G C satisfies the the differential expression 

f,-[fj]=0, (4.5) 

exactly coinciding with (|3.5p . Thus, if by means of te co-adjoint transformation (|2.7p this chosen 
matrix I G Q* will be transformed into the matrix I & G*, then the corresponding monodromy 
matrix of the equation (13. 9p will transform into the monodromy matrix of the equation (j4.2p . 
which satisfy the expression (|4.5p . 

Taking into account the differential relationships (|4.2p . (|4.3p and (|4.5p . one can recalculate the 
Poisson bracket (I3.22p by means of the identification 

f{l){z;X)^f{z;X) (4.6) 

for arbitrary z G and A G C^. It entails the following tensor expression for the reduced phase 
spaceMj : 

{T(0(z;A)?r(r)(z;/i)}j= (4.7) 

Z + 2TT 2 + 277 

dx J dy{F{z + 2TT,x;X)l{x-,X)F{x,z;X)'^F{z + 2Tr,y;n)l{y;fi)F{y,z;fi)}^ = 

z 

Z+2-K z+27r 

dx j dy{(F(z + 27r,a;;A)(g)D)(r(x;A)®D)(F(a;,z;A)(8)D, 

Z 

D (g) F(z + 27r, y; /i)(D ® l(y; //))(i ® F{y, z; /i))}^ = 

Z + 2-K Z + 2TV 

dx j dyF{z + 2Tr,x;X)®F{z + 27r,y;n){l{x;X)'^l{y;n)}^F{x,z;X)(E)F{y,z;^i) 

z 

Z+27T z+27r 

dx J dyF{z + 2t:, x; X) iSi F{z + 2TT,y; ^)Ld{X, fi] x,y)F{x, z; X) ® F{y, z; iS), 

z 

where z G S^, A, /i G C and, by definition, we put 

N 

{r(a;;A)f%;/i)}^ := a>(A,/x;x,2/) = ui,k{X, n;x,y)did'^S{x - y) (4.8) 

i,k=0 
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with local functional matrices Wifc(A, /i; x, y) £ Q* ® Q* , satisfying the antisymmetry property: 

Pu}ik{\iJ.]x,y)P = -uiki{p,X;x,y) (4.9) 



for all i,k = l,N, x,y G S^, A,^ G C and the permutation operator P : Q* ® Q* , acting as 
PA <Si BP := B <S) A for any A,B e G*. Similarly to the calculation from [51 [HI [17] one obtains 
from (HiHI) that 

{f{z; A)'?'f(z; ^ = J dxF{z + 2n, x; A) ® F{z + 2n, x; ^i)ri{X, ^; x)F{x, z; A) (g) F{x, z; fi), 

where the matrix /i; a;) G ® G* for all A, G C, a; G S"'^, depends only from element I E G ■ 
The expression (j4.10p allows a very compact representation 

{T{z; \)®T{z; ^i)] ^ = 7^(A, A) ® T{z; fi) - T{z; A) ® T{z; fi)n{X, ^i■ z), (4.11) 

if the tensor 7^-matrix TZ ^ G ® G* satisfies for z G and A. /i G C the differential relationship 

-^7e(A, Ai; z) + [7^(A, n; z), /(z; A) ® D + I Z(z; /i)] = 17(A, /i; z). (4.12) 
ax 

If to define the mapping R : G ^ G SiS 

27T 



i?(r) res^ / dy7e(A, y)5{x - y)y(j;; ^i) (4.13) 



for any Y ^ G* , then the relationship ()4.12p can be easily presented in the following operator form: 

- (X,^(y))_i + ([, [X,Y]n) = {X,R{Y))^,, (4.14) 

which holds for any X,Y G G, where we denoted 

[X, YU [~R*ix), Y] + [X, R{Y)]. (4.15) 
The result (|4.14p can be used for rewriting the Poisson bracket (|4.1ip as 

{{X,T(l))_,,iY,ni)U}^^ (4.16) 



= {I [FXF2^,FYF2^]r)_^ - (fXF2^, ^{FYF2^ 



= (Uv(x,T)(/),v(y,T)(0]«)_^- (^v(x,T)(0,^i?(v(y,r)(0)) 
-(^i?*(v(x,r)(0),^(v(r,r)(0) 

where F := F(l){x^y;X), := F{l){y + 27r, x; A) G G , x, y G S\ A G C, and we defined the 
gradients V{X, T)(l) and V(y, T)(l) G by means of the standard definition 



(V/(r),Z)_i :=!/([+ eZ) 



(4.17) 

e=0 



for any smooth functional / G 'D{G*) and arbitrary Z d G* ■ 

It is easy to observe that under the antisymmetry condition R* = —R the righthand side 
of (|4.16p equals exactly the Lie-Poisson bracket |8l [151 [Ml [11 [6] for the functionals {X, T) and 
(y, f) G 'D{G*) on the adjoint space G* — G* ® C with respect to a new commutator structure 
[■, -Jfl on the centrally extended Lie algebra G- for any {X, c), (Y, r) £ G the commutator 

[{X, c), (y, r)]R := ([X, Y]n, {^X, i?(r))_i + {^R{X),Y)_i) (4.18) 
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where the classical i?-structure on the Lie algebra Q [X,Y]ji :— [R{x),Y] + [X,R{Y)] under some 
conditions on the mapping R : Q ^ Q can generate on Q a, new Lie structure (but, evidently, it 
not must!). 

The obtained result we will formulate as the next statement. 

Proposition 4.1 The Marsden-Weinstein reduced canonical Poisson structure on the phase space 
M for the monodromy matrix T(l) G Q exactly coincides with the corresponding classical Lie- 
Poisson AKS-bracket on the centrally extended basis Lie algebra Q subject to the R-structure ^■18\ l 
in case of its antisymmetry. 

If the antisymmetry property for the mapping R : Q ^ Q does not hold, the respectively 
generated Lie- Poisson type bracket on the functional space ViQ*) can be, owing to (|4.16p . defined 
as follows: for any f,g T>{Q*) the bracket 

1/(0,5(0}^ := (UV/(0,V5a)]«)-i+ (^^V/(0,i?(Vg(0)) + A(i?v/([)), V^w) 

(4.19) 

where the generalized i?-structure [•, -Jij on Q is given by the expression (|4.15|) . 



5 D-structure and the generalized i?-structure relationship 
analysis. 

As it was stated above, the reduced on the phase space Poisson bracket 

{{X,f),{Y,f)}^ = {f,[X,Y]D)-i, (5.1) 

where for any X,Y Q the corresponding I?-structure on the Lie algebra Q is defined by the 
classical expression p.23p and the mapping (|3.24p . It is natural to assume that there exists a 
relationship between the ZJ-structure D : Q ^ Q and the i?-structure R : G G, described above 
in Section 3. 

Assume, for brevity, that the i?-structure ()4.13p is antisymmetric, that is R* = —R. Then it is 
easy to check that the following algebraic relationship 

D{X) := ^RifX + XT) (5.2) 

holds for any X G G- Really, the expression (|4.1ip is equivalent to the following 

{(f,x),(r,y)}^ = (TXi?(ry))_i - (XT,i?(rf))_i. (5.3) 

Now, substituting the expression (|5.2I) into (I3.22p . one obtains that 

{(T,X),(T,r)}^= (5.4) 
= i(T, [R{fX + Xf),Y] + [X, R{fY + rT)])_i = 

- i([y,r],i?(rx))_i + i([y,r],i?(xr))_i + 

+i([r,x],i?(rr))_i + ]^{[fx,R{Yf)])_, = 
= i(rf,i?(TX))_i-i(rr,i?(rx))_i + 

+i(rf,i?(XT))_i - i(fr,i?(XT))_i + 

+i(TX,i?(rr))_i - i(xf ,i?(rx))_i + 

+i(TX,i?(yr))_i - i(xf ,i?(rf))_i = 

= {fx, R{fY))-i - [XT, R{Yf))-i, 
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which coincides exactly with (|5.3p . 

Rewrite now for convenience the operator relationship (j4.ip in the tensor form as 

(1(g) i)D - D{i (g)l)-D^^i- f(l) ® 0(0, (5-5) 

where the tensor D G Q (g Q* , owing to the action (|5.2p . equals 

D^^(R(i(g)T) + {i(g)f)R). (5.6) 

Substituting the expression (15.61) into the equation (15. 5p and taking into account the determining 
equation (|4.12l) 

[r® + D (g) [, R] - -f-i? = n, (5.7) 
one obtains the relationship for tensors Q and ft E Q ^ Q*: 

2D (g) D - 2g - n = [i?, D ® Tf] + (D g) f')i?(D (g) Z") - (D ® l)R{i ® T). (5.8) 

The latter makes two R- and /^-structures on the Lie algebra Q to be compatible. Remark 
also that the Z3-structure (j5.2p is not antisymmetric despite the i?-structure was assumed to be 
antisymmetric. Concerning the Z3-structure determining equation (|5.5p one can anticipate that a 
study of its solutions would describe a set of nonlinear dynamical systems on the reduced phase 
space Mj possessing a priori an infinite hierarchy of commuting to each other conservation laws. 

6 Conclusion 

We have considered the standard canonically symplectic phase space M :— T*{Q), generated by the 
centrally extended basis manifold to be an affine loop Lie algebra G on the circle S^. Subject to the 
standard Hamiltonian Lie algebra ^/-action on M, with respect which the symplectic structure on 
M is invariant, constructed the corresponding momentum mapping and carried out the standard 
Marsden-Weinstein reduction of the manifold M upon the reduced phase space endowed with 
the reduced Poisson bracket {•, -j^. The latter allows to construct on the phase space commuting 
to each other vector fields which are equivalent to some nonlinear dynamical systems possessing an 
infinite hierarchy of commuting conservation laws. Moreover, these mentioned commuting vector 
fields on realize exactly their corresponding Lax type representations. 

Presented detailed analysis of commutation properties for the related flows on the basis manifold 
makes it possible to define a suitable D-structure on the Lie algebra Q, deeply related with the 
corresponding classical i?-structure on Q, generated by the reduced Poisson bracket on the phase 
space Mj. As a bi-product of our analysis we stated that these R- and I?-structures are completely 
equivalent to a suitably generalized classical Lie-Poisson-Adler-Kostant-Symes-Kirillov-Berezin 
structure on the adjoint space Q* . We derived also the determining equation for the D-structure, 
classifying the generalized Lax type integrable nonlinear dynamical systems on the reduced phase 
space M^, whose respectively defined i?-structures are not necessary both antisymmetric and local, 
as it was before described in H by means of an other approach. It is worth also to mention that 
the reduction scheme devised in this work can be applied also to the centrally extended algebra of 
pseudo-differential operators and afhne loop algebras on the circle S^. 
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